Obviously powers of norms of algebraic integers, powers of sums of 4 or 8 squares, the generalizations of the latter which are composable forms and, generally, any power greater than the first of any composable form, have the automorphic property just defined. Excluding powers of composable forms we shall call any other form having a diophantine automorphism proper.
Examples of proper forms are extremely rare ; their interest for diophantine analysis is evident. Apparently there are known but two instances, the discriminant of a binary cubic, this observation being due to Eisenstein f (see §9), and Cayley'sJ generalization of this to a certain octenary quartic with numerical coefficients (1, -2, 4).
Being given a proper automorphism for a form with numerical coefficients, we devise a method of generalization which yields a proper form with literal coefficients, whose automorphism degenerates to that of the given form when each of the literal coefficients is replaced by unity. The method leads to systems of linear diophantine equations and inequalities whose solution gives the required generalization. Both Eisenstein's and Cayley's automorphisms can be generalized in this way. The ordinary diophantine problem for Cayley's is so complicated, however, (leading as one detail to a system of 76 equations and inequalities in 8 variables), that we shall reproduce here only the work for Eisenstein's. The method extends and systematizes that used in a former paper* to generalize the 8 square identity, and it is applicable to all problems discussed there. In generalizing automorphisms we deal with a great many multipliers, matric exponents and variables simultaneously, and it is a saving of labor, also a suggestive impulse to the algebra to use a device which will show at a glance the specific variable to which a given exponent or multiplier appertains.
Matric Exponents and Multipliers of a Transformation
We shall write <£*, 4> y , • • • , 0* for the multipliers appertaining to the variables x f y, • • • , z. The exponents of these multipliers are x, y, • • • , z. Finally, the multipliers will be denoted by their exponents. Thus x, y y • • • , z will denote either variables, the respective multipliers of these variables, or the matric exponents of the latter. No confusion can result from this triple interpretation of x, y, • • • , z } as in each case it will be stated what the letters are. This supple device enables us to follow the multiplicative transformations of a set of variables without elaborate notations and with a minimum of algebra. It also reduces the particular kind of diophantine problem occurring in the subject from degree n > 1 to degree 1.
Eisenstein's Automorphism,
As we start from Eisenstein's identity we transcribe it here. Write
The automorphism is then f(X,Y,Z 9 W) = f{x 9 y 9 * t w). fJan.-Feb., This striking result is today evident in many ways, for example by observing the discriminant of the cubicovariant of the binary cubic of which f (x, y, z, w) is the discriminant. Nevertheless Eisenstein's remarks on it still stand, as no proof has indicated a method of attack on the general problem of finding all composable forms or upon the equally (or more) difficult one of diophantine automorphism which his theorem illustrates, and of which it was the first example. He says : "Es scheint, man müsse dieser Gattung von identischen Gleichungen eine um so grössere Wichtigkeit zuschreiben, als man keine allgemeine Methode zu ihrer Auffindung besitzt, und weil dieselben namentlich in der Zahlenlehre oft dieGrundlage zu ganzen Theorieën bilden ; in welcher Hinsicht sich auf die Theorieën der quadratischen und ternâren Formen, so wie auf diejenige der Zerlegung einer Zahl in die Summe von vier Quadraten und andere verweisen lasst."
It was proved by Dickson* that ƒ is proper in the sense of §1.
4. Summary of Extension. We put here for convenience, in ordinary notation, the conclusion which follows from the subsequent algebra in §8. 
Conditions for Diophantine Automorphism.
As in the theory of numbers, if a, 6, c, • • • are integral elements of any ray, and the quotient of & by a is an element of the ray, say c, we write a\ & for "a divides b" Hence a \ b implies that there exists an integral element c such that b = ac. Note that we are concerned throughout with arithmetic division and not merely algebraic. As in algebra a/b is the result of dividing a by b.
In order that F of §5 shall have a diophantine automorphism it is sufficient by (3) that the following 12 relations of divisibility for multipliers shall subsist, Passing from (4) to matric exponents we see that the following must be integers ^0:
x + w, 2^ + ^ -2, y + z,
Hence it is sufficient that the following inequalities shall hold in integers (matric exponents) ^ 0,
The problem is therefore reduced to satisfying (1), (6) in integers x, y> z, w, p, q, r, s, t^O, the general solution being required.
7. Solution of (1), (6). From (1) From the first of (9) we get £ = 0, mod 2 ; hence the third is redundant. Now if p = 2k, then p^^p, mod 6, and hence from the first, 2x+2s=4p, mod 6; thus, by the second, r+s^2p, mod 3, and this implies the fifth. The set (9) is therefore equivalent to (10) 2x + 2s s= p 9 mod 6, r = x, mod 3 ;
and from (6), (8) hence the equivalent in terms of multipliers of (13) is (14) and from (12) we have (is) Q = (R*sypyi\ T -(PRsyi\ and P, P, 5 are not similarly reducible, since we took x, p, r, s as independent (matric) parameters.
As a check, we should have, by (7), (16 
